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Abstract. A quantum information processing scheme is proposed in a system with cold trapped ions
embedded in a single mode microcavity in strong excitation regime. With suitable choice of frequencies of
the laser and the cavity light as well as ion-laser coupling strength, multipartite entanglement would be
generated among internal states of the ions, which is insensitive to decoherence due to the cavity decay
and heating of the vibrational mode of the ions. As a practical example, the specific discussion is focused
on the two-ion case. Some unique features of the Bell states are presented under the framework of our
model, which would be useful for quantum information processing.

PACS. 03.67.-a Quantum information – 32.80.Lg Mechanical effects of light on atoms, molecules,
and ions – 42.50.-p Quantum optics

1 Introduction

Both cavity QED and ion traps are promising systems of
quantum information processing. Experimentally, entan-
glement and simple quantum gates have been achieved in
both systems [1]. Nevertheless, the combination of cavity
QED with an ion trap seems to be more interesting due
to the possibility of entanglement of more quantum de-
grees of freedom. Moreover, as atomic ions are fixed in
the cavity, quantum gates on them can be carried out
more accurately. Recently, much effort has been paid on
the combinatory system — trapped ions embedded in a
microcavity — for quantum information processing [2,3].
It is widely believed that such an ion-trap-cavity system
is a promising candidate for building quantum networks
involving cavity QED set-ups [4].

The present work will focus on generating entangled
states in an ion-trap-cavity system in the strong excita-
tion regime (SER), in which the ion-laser coupling con-
stant is much larger than the trap frequency. We noticed
that SER has been investigated in ion traps to rapidly
prepare Schrödinger cat states and to fasten the quan-
tum gating [5,6]. In contrast to the week excitation regime
where the ion-trap interaction can be concisely described
by Jaynes-Cummings model [7], the situation in SER is
very complicated [8]. But as the large Rabi frequency can
greatly reduce the implementation time, the schemes in
SER are useful and important in view of decoherence. In
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contrast, we will show in this paper that, if SER is em-
ployed in an ion-trap-cavity system, the large Rabi fre-
quency will not be helpful for accelerating the generation
of entangled states. But we will enjoy the generation of
the robust entangled states against decoherence due to
the cavity decay and heating of vibrational states of the
ions. Moreover, different from former work by means of
large detunings [2], we only employ a laser beam with the
frequency of carrier transition to radiate the ions. By con-
sidering current experimental situation, our specific dis-
cussion will be only made for two-ion case.

2 Effective Hamiltonian

We will start from the Hamiltonian presented in [3]. Let
us first consider a general case. i.e., N identical cold ions
confined in the ion trap which itself is embedded in a mi-
crocavity. We assume that the cavity mode, together with
the radiation of a laser, couples to the internal and vi-
brational states of the ions. The Hamiltonian in units of
� = 1 can be generally written as follows

H =
N∑

j=1

ω0σ
j
z + νa†a + ωcb

†b

+
Ω

2

N∑
j=1

[
σj

+ei[ηL(a†+a)−ωLt] + h.c.
]

+
g

2
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(
σj

+ + σj
−
) (

b† + b
)
sin
[
ηc

(
a† + a

)
+ φ

]
(1)
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where ω0 is the frequency of atomic resonance transi-
tion. ωc and ωL are frequencies of the cavity mode and
the laser respectively. b†, b and a†, a are respectively
creation and annihilation operators of photons of the
cavity and phonons of the trap. Ω and g are the cou-
pling constants proportional to the ion-laser and ion-
cavity interaction respectively. ηL and ηc are respectively
Lamb-Dicke parameters with respect to the radiation of
the laser and the cavity. σj

+ = |e〉j〈g|, σj
− = |g〉j〈e|

and σj
z = (|e〉j〈e| − |g〉j〈g|)/2. φ accounts for the rela-

tive position of motional state of the ion to the standing
wave of the quantized cavity field. Within the Lamb-Dicke
limit, i.e. ηL � 1 and ηc � 1, sin[ηc(a† + a) + φ] ≈
ηc(a† + a) cosφ +sin φ. Performing a unitary operator de-
fined as U = exp[−iωL(

∑N
j=1 σj

z + b†b + a†a)t] yields

H1 = ∆aa†a + ∆bb
†b

+
Ω

2
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+
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1 + iηL
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−
[
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)]}

+
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2

N∑
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+b+σj
−b†
) [
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cosφ + sin φ

]
(2)

where we have assumed ωL = ω0, i.e. the carrier transition
case, ∆a = ν − ωL, ∆b = ωc − ωL and rotating-wave ap-
proximation has been used. Further rotation of the system
with respect to exp{−i(∆aa

†a + ∆bb
†b)t} yields

H2 = Ω

N∑
j=1

Sj
z +

1
2
iηΩ
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(
Sj

+ − Sj
−
) (
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)

+
g

2
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z
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1
2

(
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−
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)
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]
(3)

where we have introduced Sj
+ = |+〉j〈−|, Sj

− = |−〉j〈+|
and Sj

z = (|+〉j〈+| − |−〉j〈−|)/2 with |+〉j = (|g〉j +
|e〉j)/

√
2 and |−〉j = (|g〉j − |e〉j)/

√
2 [9].

Our aim is to have a subspace involving only the in-
ternal levels of the ions. To this end, we have to make a
further rotation with respect to Ω, which results in

H3 =
1
2
iηLΩ

N∑
j=1

(
Sj
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)
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) ]
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)
cosφ + sinφ

]
. (4)

Consider the strong excitation regime, i.e., Ω � ν. As long
as ηLΩ ≤ g and Ω ± ν � |Ω − ∆b|, the first term in the
right hand side of equation (4) can be neglected due to the
fast oscillation produced by large detuning. Accordingly,
if φ = π/2 and |Ω − ∆b| = δ � |∆b| < |Ω + ∆b|, we can
single out

H4 =
g

4

N∑
j=1

(Sj
+eiδtb + Sj

−e−iδtb†) (5)

from above Hamiltonian. More specifically, if δ �
g
√

n̄b + 1/4 with n̄b the mean photon number in the cav-
ity, there would be no energy exchange between internal
states of the ions and the cavity state. As a result, equa-
tion (5) turns to an effective Hamiltonian [10]

H5 =
Ω̃

2


 N∑

j=1

(|+〉j〈+|bb† − |−〉j〈−|b†b)

+
N∑

j,k=1,j �=k

(| + −〉jk〈− + | + h.c.)


 (6)

where

Ω̃/2 =

〈+ − nb|H4| + +nb − 1〉〈+ + nb − 1|H4| − +nb〉/δ

− 〈+ − nb|H4| − −nb + 1〉〈− − nb + 1|H4| − +nb〉/δ

= −g2/(16δ),

with | 〉 being the product of internal states of the ions
j and k, and the cavity state. Equation (6) is a typical
XY Hamiltonian, which has been extensively investigated.
Based on it, the multipartite entangled states can be built
among the ions, without the involvement of states of the
cavity and the ions’ vibration. If we encode logical qubits
in the state-space of pairs of adjacent ions as |0L〉i :=
| − +〉i,i+1 and |1L〉i := | + −〉i,i+1, universal quantum
computing [11] could be achieved just by time-dependent
control of the XY Hamiltonian with nearest-neighbor and
next-nearest-neighbor interactions, without the necessity
of single-qubit operations.

3 Bipartite entangled states

In what follows, however, our discussion will be only fo-
cused on the two-ion case due to following reasons: (i) it
is experimentally challenging to confine more than one
atomic ions in the ion-trap-cavity system. Current exper-
imental effort is still paid on a single ion in such a combi-
natory system [12]; (ii) a quantum network is composed of
many nodes with each node involving few qubits. The two
ions in a cavity is a working node with minimum numbers
of qubits; (iii) Bell states play important and fundamental
roles in quantum information processing. So the investi-
gation of Bell states in this system will be by no doubt
useful and practical. Since the first term of equation (6),
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which is associated with the photon dependent Stark shift,
commutes with the second term, we can easily obtain the
time evolution of the system of two ions A and B as

| + −〉AB → e−iΩ̃t/2

[
cos

(
Ω̃

2
t

)
| + −〉

−i sin

(
Ω̃

2
t

)
| − +〉

]
AB

and
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[
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(
Ω̃

2
t

)
| − +〉

−i sin

(
Ω̃

2
t

)
| + −〉

]
AB

.

Returning to the Schrödinger representation and rewriting
above time evolution with states |g〉 and |e〉 yield

|gg〉 → 1
4

(
e−iΩt−iΩ̃t + eiΩt + 2e−iΩ̃t

)
eiω0t|gg〉

+
1
4
(e−iΩt−iΩ̃t + eiΩt − 2e−iΩ̃t)e−iω0t|ee〉

+
1
4
(e−iΩt−iΩ̃t − eiΩt)(|eg〉 + |ge〉), (7)

|ee〉 → 1
4

(
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+
1
4

(
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+
1
4

(
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)
, (8)

|eg〉 → 1
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) (
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+
1
4

(
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)
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+
1
2

(|eg〉 − |ge〉) , (9)

|ge〉 → 1
4

(
e−iΩt−iΩ̃t − eiΩt

) (
eiω0t|gg〉 + e−iω0t|ee〉)

+
1
4

(
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)
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+
1
2
(|ge〉 − |eg〉), (10)

where for simplicity we have assumed the cavity to be vac-
uum, i.e., n̄b = 0 and dropped the subscripts. The global
phase exp {−in̄aω0t} is also neglected in above equations
of time evolution. It is evident that above time evolu-
tions lead to the states much more complicated than those
achievable in ion traps or cavity QED by large detun-
ings [10,13]. To get more physical insight into our sys-
tem, however, let us first check the case at t = π/Ω̃ =
2π(k + 1/4)/Ω (k = 0, 1, ...), in which we have entangled

states

(1/2)[(i − 1)eiω0t|gg〉 + (i + 1)e−iω0t|ee〉],
(1/2)[(i + 1)eiω0t|gg〉 + (i − 1)e−iω0t|ee〉],
(1/2)[(i + 1)|eg〉 + (i − 1)|ge〉],
(1/2)[(i − 1)|eg〉 + (i + 1)|ge〉],

from initial states |gg〉, |ee〉, |eg〉, |ge〉, respectively. These
states would be useful in quantum information process-
ing although they are not maximally entangled [14]. If we
further assume the initial states of the ions to be Bell
states [15], equations (7–10) would yield,

Ψ+ =
1√
2

(|gg〉 + |ee〉) →

1
2
√

2
eiΩt

[
e−i(2Ω+Ω̃)t + 1

] (
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+
1

2
√

2
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[
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]
(|eg〉 + |ge〉) , (11)

Φ+ =
1√
2

(|ge〉 + |eg〉) →

1
2
√

2
eiΩt

[
e−i(2Ω+Ω̃)t − 1

] (
eiω0t|gg〉 + e−iω0t|ee〉)

+
1

2
√

2
eiΩt

[
e−i(2Ω+Ω̃)t + 1

]
(|eg〉 + |ge〉) , (12)

Ψ− =
1√
2
(|gg〉−|ee〉)→ 1√

2
e−iΩ̃t

(
eiω0t|gg〉−e−iω0t|ee〉) ,

(13)

Φ− =
1√
2

(|ge〉 − |eg〉) → 1√
2

(|ge〉 − |eg〉) . (14)

4 Discussion

Some unique characteristics under our model can be found
from above four equations.

(1) Starting from Ψ+ or Φ+, we can reach the entan-
gled states involving |gg〉, |ee〉, |ge〉 and |eg〉 simultane-
ously. In contrast, in the well-known quantum computing
work with hot trapped ions [10], Ψ± and Φ± are produced
independently from different initial conditions: If the two
ions are initially in |gg〉 or |ee〉, we can only obtain Ψ±
at a certain time of the time evolution due to radiation of
the largely detuned lasers. The initial states |ge〉 and |eg〉
would only yield Φ±. Since the generation of Ψ± needs ex-
ternal energy source, such as laser beams, in cavity QED
scheme with large detuning between the cavity light and
atomic resonance, only Φ± can be generated [13]. In con-
trast, our system is composed of the ion trap and cavity
QED. Although we have turned it into a formally cavity
QED system, the energy from the laser beam makes it
possible to have Ψ± in the system.

(2) The combination of the ion trap and cavity QED
is not simply equivalent to the summation of the results
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appeared separately in the component systems. Equa-
tions (11, 12) show that, Ψ+ and Φ+ can be interchanged if
we neglect the relative phase between |gg〉 and |ee〉, which
can be canceled by local operation based on the knowl-
edge of ω0 and t. It is also shown in equation (14) that Φ−
plays like a dark state, which is very stable and would be
useful for quantum communication, e.g. teleportation.

(3) The system under consideration is more compli-
cated than the system with only an ion trap or a cavity
due to more quantum degrees of freedom involved [3,16].
Although there are many possible solutions, to gain the
physics we are interested in, we only focused in this work
on the generation of entangled internal states of the ions,
which is based on equation (5). Equation (5) is important
for quantum network because the photons, which are em-
ployed to connect different nodes of the network, obtain
quantum information from the cavity mode. If we change
the laser frequency to make δ = 0 in equation (5), we have
the typical Jaynes-Cummings interaction between the ions
and the cavity mode [17]. Therefore, by adjusting the laser
frequency, we can either have the possibility of generating
entangled internal states of the ions, which is the prerequi-
site of robust quantum computing, or have the possibility
of exchanging information in ion’s internal states with the
cavity mode.

(4) Different from in ion traps [5,6], the large Rabi
frequency Ω cannot speed up the generation of entan-
gled states in our combinatory setup. On the contrary,
the difference between Ω and ∆b should be large enough
to reduce susceptibility of population in the cavity mode,
which, to some extent, prolongs the implementation time.
Nevertheless, the remarkable feature of our scheme is the
generation of entangled states in the subspace involving
only the internal states of the ions. Since the trap degrees
of freedom are decoupled from our model, and the cavity
mode is only virtually excited, the generated entangled
state would be robust. We will give a quantitative discus-
sion for this point below.

It is very difficult to realize the SER experimentally,
even only in ion traps. To achieve the effective Hamilto-
nian equation (6) of our scheme, we have to have some
parameter values beyond the reach of current experimen-
tal technique, for example, ∆b = 1.1 MHz, Ω = 1.15 MHz,
ν = 0.1 MHz, ηL = 0.01 and g = 0.02 MHz. To test the
validity of the approximations we made from equation (3)
to equation (6), we made some numerical simulation, as
shown in Figures 1 and 2, where for simplicity we only fo-
cus our calculation on the internal states and only present
the time evolution of population regarding |+−〉 for clar-
ity. The figures show that the effective Hamiltonian equa-
tion (6) is valid with above parameter values. The figures
also tell us that if we actually reach the SER, a very small
ηL is essential to our scheme. With currently achievable
number ηL = 0.1 [18], we cannot effectively decouple the
vibrational degrees of freedom of the ions from their in-
ternal states.

Moreover, the condition δ � g
√

n̄b + 1/4 is very im-
portant to our approximation, which strongly restricts the
speed of our gate implementation. Besides Figure 1, we
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Fig. 1. Time evolution of population in the state |+−〉, where
n̄b = 0 and two cases are considered. Curves A (i.e. the ones
with one period) correspond to ∆b = 1.1 MHz, Ω = 1.15 MHz,
ν = 0.1 MHz, ηL = 0.01 and g/4δ = 0.1 MHz, in which the
solid curve is from equation (6), and the dotted curve is from
equation (3). Curves B (i.e. the ones with 5 periods) are drawn
with ∆b = 1.1 MHz, Ω = 1.15 MHz, ν = 0.1 MHz, and g/4δ =
0.5 MHz, where solid and dashed curves are from equation (6)
and equation (3) respectively.
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Fig. 2. Time evolution of population in the state |+−〉, where
ηL = 0.1 and other parameters are the same as in curves A in
Figure 1.

can also define R = g2/(16δ2), the possible excitation of
the intermediate state [18], to check this point. For the
case of curves A in Figure 1, |Ω̃/2| should be 500 Hz, and
R = 1%. This implies that the fidelity of our gating is
99%. But If we want to speed up our gating by enlarg-
ing g/4δ to be 0.5, as considered in curves B, the gating
fidelity would be only 75%.

Let us briefly discuss about decoherence. As we men-
tioned above, the SER case in our combinatory setup can-
not reduce the gating time. As a result, we have to turn
the system into an effective form (i.e., Eq. (6)) by decou-
pling cavity mode and the vibrational states of the ions.
However, even if equation (6) can be achieved, we should
still pay attention to the cavity decay because the cav-
ity mode plays the role of date bus in our scheme. More
strictly speaking, even if we keep the cavity in a vacuum
state throughout our scheme, any unpredictable fluctua-
tion of the cavity mode will probably affect our scheme.
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In current ion-trap-cavity experiment, the cavity decay
rate is 2π × 102 kHz [12]. By considering the excita-
tion probability R = 1%, the decay rate in our case is
2π× 1020 Hz, which is still larger than |Ω̃/2| (= 500 Hz).
This means that we have to much improve the current
cavity quality in order to achieve our scheme. Another
important source of decoherence is the spontaneous emis-
sion from |e〉. But this decoherence can be neglected in
our consideration if we employ the metastable state to be
the state |e〉, as done in [12].

Since the Rabi frequency Ω is much larger than the
effective Rabi frequency Ω̃, we should also pay attention
to the possible influence from the fluctuation of Ω. From
equations (4, 5), we know that the validity of our scheme
depends on the fast oscillating terms being effectively av-
eraged out. So although Ω is much larger than g, our
rotating-wave approximation will be available as long as
ηLΩ/2 � δ + ∆b − ν [19]. This requires ηL � 1.83 for the
case of curves A in Figure 1, which fully meets the Lamb-
Dicke requirement η � 1. Therefore in the Lamb-Dicke
assumption, the influence from the fluctuation of Ω can
be neglected in our scheme.

5 Conclusion

Although the realization of SER is experimentally chal-
lenging, we noted a possible way to achieve SER in ion
traps [5]: we first cool the ions within the Lamb-Dicke
limit and under the weak excitation regime. Then we de-
crease the trap frequency by opening the trap adiabati-
cally so that the ratio of the Rabi frequency to the trap
frequency is increased to a large number. It is evident
that this method can be transplanted to our combinatory
set-up.

In summary, a scheme has been proposed for gener-
ating entangled states of the ions confined in trap-cavity
combinatory setup in SER, without the involvement of
the cavity state and vibrational state of the ions. The
unique characteristics of the bipartite entangled states
have been discussed in our system. To our knowledge, it is
the first quantum information processing scheme of trap-
cavity combinatory setup in SER. Although the SER is
very hard to reach with current experimental technique,
our scheme would be useful in future experiments of ion-
trap-cavity setup both for the test of quantum mechanics
and for quantum information processing.

The author thanks Graham Kells for his assistance in numeri-
cal simulation. The work is supported by Chinese Academy of
Sciences.
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